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A RIGOROUS FORMULATION OF THE COSMOLOGICAL NEWTONIAN LIMIT
WITHOUT AVERAGING
TODD A. OLIYNYK
Abstract. We prove the existence of a large class of one-parameter families of cosmological solutions
to the Einstein-Euler equations that have a Newtonian limit. This class includes solutions that repre-
sent a finite, but otherwise arbitrary, number of compact fluid bodies. These solutions provide exact
cosmological models that admit Newtonian limits but, are not, either implicitly or explicitly, averaged.
1. Introduction
Gravitating perfect fluids are governed by the Einstein-Euler equations
Gij =
8πG
c4
T ij and ∇iT ij = 0,
where
T ij = (ρ+ c−2p)vivj + pgij ,
with ρ the fluid density, p the fluid pressure, vi the fluid four-velocity normalized by vivi = −c2, c
the speed of light, and G the Newtonian gravitational constant. By suitably rescaling (see [8]), these
equations can be written as
Gij = 2ǫ4T ij and ∇iT ij = 0, (1.1)
where
T ij = (ρ+ ǫ2p)vivj + pgij and vivi = − 1
ǫ2
.
In the article [10], we proved the existence of a large class of one-parameter families of solutions to this
system defined for 0 < ǫ < ǫ0 that
(i) exist on a common piece of spacetime of the form M = [0, T )× T3,
(ii) converge as ǫց 0 to solutions of the cosmological Poisson-Euler equations of Newtonian gravity,
and
(iii) are differentiable in ǫ to any prescribed order ℓ ∈ N.
The properties (i)-(iii) guarantee that these one parameter families of solutions to the Einstein-Euler
equations have valid Newtonian limits and admit post-Newtonian expansions to order ℓ/2. However,
in order to establish the existence of these solutions, we required that the two following conditions are
satisfied by the initial fluid density ρ|t=0 = ρ0 and fluid three-velocity vI |t=0 = wI0 :
ρ0(x) > 0 ∀ x ∈ T3, (1.2)
and ∫
T3
ρ0w
I
0 d
3x = 0. (1.3)
Here, we are using x = (xI) (I = 1, 2, 3) to denote the standard periodic coordinates with period 1
on the torus T3 = S1 × S1 × S1, and t = x0 to denote an absolute Newtonian time coordinate on the
interval [0, T ).
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The main aim of this article is to remove the conditions (1.2)-(1.3) on the initial data. Although, we
do not discuss the existence of post-Newtonian expansions in this article, it is not difficult to see that
the results of this article can be combined with those of [10] to prove the existence of post-Newtonian
expansions to arbitrary order that do not satisfy (1.2)-(1.3).
From our point of view, there are two important reasons for removing the conditions (1.2)-(1.3). This
first reason is that (1.3) is an exact averaging condition that cannot be expected to be exactly satisfied
for real systems. The second is that by removing (1.2), we can choose an initial fluid density of the form
ρ0 =
N∑
ν=0
ρ0,ν
where N is any integer, and
dist
(
supp ρ0,ν , supp ρ0,µ
)
> 0 ν 6= µ.
This initial data represents a finite but otherwise arbitrary number of compact fluid bodies (i.e. stars).
Thus, solutions generated by this initial data can be used to model an arbitrary collection of stars, and
therefore provide an exact model for the universe. Consequently, we obtain one-parameter families of
cosmological solutions that admit Newtonian limits, and are not, either implicitly or explicitly, averaged.
To formulate the Newtonian limit, we require (see [10]) the following FLRW dust solution (gǫij =
hǫij , v
i
ǫ = ξ
i, ρǫ = µǫ, pǫ = 0) of (1.1):
hǫij = −
1
ǫ2
δ0i δ
0
j + aǫδ
I
i δ
J
j δIJ , (1.4)
ξi = δi0, (1.5)
µǫ =
3
8
[
a′ǫ
aǫ
]2
, (1.6)
where aǫ = aǫ(t) and µǫ = µǫ(t) satisfy the differential equations
a′′ǫ
aǫ
− 1
2
[
a′ǫ
aǫ
]2
+
2
3
µǫ = 0, (1.7)
and
µ′ǫ +
3
2
a′ǫ
aǫ
µǫ = 0, (1.8)
respectively. Here, we are using
(·)′ = d
dt
(·).
The differential equations (1.7)-(1.8) can be integrated explicitly to give
aǫ(t) = aǫ(0)
(√
3σ(ǫ)
2
t+ 1
) 4
3
, (1.9)
and
µǫ(t) =
2
3
(
t+
√
2
3σ(ǫ)
)−2
, (1.10)
where aǫ(0) and σ(ǫ) = µǫ(0) are arbitrary (positive) functions that are analytic in a neighborhood of
ǫ = 0. We fix the arbitrary length scale by setting aǫ(0) = 1, while σ(ǫ) will be determined by later
considerations. Also, to reduce notation we will drop the ǫ from the function a and µ except in situations
where we want to emphasize the ǫ-dependence.
COSMOLOGICAL NEWTONIAN LIMIT WITHOUT AVERAGING 3
In this article, we use a slight variation of the approach used in [10] to analyze the limit ǫց 0. The
first step in the analysis is to replace the metric gij and the fluid velocity v
i with variables that are
compatible with the limit ǫց 0. The new gravitational variable u¯ij is defined by
gij =
qij√
−|h| det qkl (|h| = − det(hij)) (1.11)
where
qij = hij + ǫ2J ikJ
j
l u¯
kl and Jji = ǫδ
j
0δ
0
i + δ
j
Iδ
I
i , (1.12)
while the new fluid four-velocity wi is defined by
vi = (1 + ǫw0)δi0 + δ
i
Iw
I . (1.13)
As in [8,9], we use Makino’s technique [7,11] to generate perfect fluid solutions with compact support.
This requires the use of an isentropic equation of state of the form
p = Kρ(n+1)/n, (1.14)
where K ∈ R>0, n ∈ N. This allows for the introduction of the density variable
ρ =
1(
4Kn(n+ 1)
)nα2n (1.15)
which is used to formulate the Euler equations as a symmetric hyperbolic system that is regular across the
fluid-vacuum interface. In this way, it is possible to construct solutions to the Einstein-Euler equations
that represent compact gravitating fluid bodies (i.e. stars) both in the Newtonian and relativistic
setting [7,11]. Although, these solutions do not include static stars of finite radius [11], they are general
enough to understand the mathematical issues involved in the Newtonian limit.
The main result of this article is to show that solutions to the following equations, which we refer to
as the cosmological Poisson-Euler-Makino equations, rigorously approximate fully relativistic solutions
to the Einstein-Euler equations (1.1) up to an error term of order ǫ as measured in suitable Sobolev
spaces:
∂tα˜ = −w˜I∂I α˜− α˜
2n
∂I w˜
I − 3a˜
′
4na˜
α˜, (1.16)
∂tw˜
J = −w˜I∂Iw˜J − α˜
2na˜
∂J α˜− a˜
′
a˜
w˜J + gJ , (1.17)
∆Φ˜ = 4a˜(ρ˜− µ˜) (ρ˜ = (4Kn(n+ 1))−nα˜2n), (1.18)
where
a˜ = a0, µ˜ = µ0,
gJ = −1
a˜
(
3
2
a˜′
a˜
1
µ˜
∫
T3
ρ˜w˜J d3x+
1
4
∂J Φ˜
)
, (1.19)
and 〈·|·〉L2 is the standard L2 inner-product on T3, i.e.
〈ψ1|ψ2〉L2 =
∫
[0,1]3
ψ1(x)ψ2(x) d
3x.
Here, and for the rest of the article,
∆ = δIJ∂I∂J
will denote the flat Laplacian, and we set
∂J = δIJ∂I .
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In terms of the fluid density ρ˜, equations (1.16)-(1.18) take the form
∂tρ˜ = −w˜I∂I ρ˜− ρ˜∂Iw˜I − 3
2
a˜′
a˜
ρ˜, (1.20)
∂tw˜
J = −w˜I∂Iw˜J − 1
a˜ρ˜
∂Jp(ρ˜)− a˜
′
a˜
w˜J + gJ , (1.21)
∆Φ˜ = 4a˜(ρ˜− µ˜), (1.22)
which we refer to as the cosmological Poisson-Euler equations. We note that these equations agree with
the Newton-Cartan field equations for a gravitating fluid formulated in adapted coordinates [5, 12].
An important point is that the constant σ(0) = µ˜(0) is not arbitrary but is determined by the initial
density
ρ˜0 = ρ˜|t=0
according to
σ0 := µ˜(0) =
∫
T3
ρ˜0 d
3x > 0. (1.23)
From equations (1.8) and (1.20), it is not difficult to see that this average is preserved under evolution
µ˜(t) =
∫
T3
ρ˜(t) d3x, (1.24)
which in turn implies (see (1.6) ) that
a˜(t) = exp
(∫ t
0
(
8
3
∫
T3
ρ˜(s) d3x
) 1
2
ds
)
. (1.25)
Also, setting
ζJ =
∫
T3
ρ˜w˜J d3x (1.26)
it follows directly from the cosmological Poisson-Euler equations (1.20)-(1.22) that ζJ satisfies the equa-
tion
ζJ
′
= −4 a˜
′
a˜
ζJ
which can be integrated to give
ζJ (t) =
1
a˜(t)4
∫
T3
ρ˜0w˜
J
0 d
3x, (1.27)
where
w˜J0 = w˜
J |t=0
is the initial fluid 3-velocity. Using (1.27), the acceleration due to gravity (1.19) can be reexpressed in
the form
gJ = −1
a˜
(
4
a˜′a˜3
∫
T3
ρ˜0w˜
J
0 d
3x+
1
4
∂J Φ˜
)
.
For purposes of interpretation, it is often useful to introduce Galilei coordinates [5, 12]. These co-
ordinates are defined as follows: suppose {ρ˜(t, x), wI(t, x),Φ(t, x)} is a solution of the cosmological
Poisson-Euler equations (1.20)-(1.22) on M = [0, T ) × T3. Then, letting M˜ = [0, T ) × R3 denote the
covering space, we define a diffeomorphism on M˜ by
ψ : M˜ −→ M˜ : (t, x) 7−→ (t, x/
√
a˜(t)).
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Lifting the cosmological Poisson-Euler equations to M˜ , and then pulling back by ψ shows that1
ρˆ(t, x) = ρ˜
(
t, x/
√
a˜(t)
)
, (1.28)
wˆJ (t, x) =
√
a˜(t)wˆJ
(
t, x/
√
a˜(t)
)
+
1
2
a˜′(t)
a˜
xJ , (1.29)
Φˆ(t, x) = Φ˜
(
t, x/
√
a˜(t)
)
, (1.30)
satisfy
∂tρˆ = −wˆI∂I ρˆ− ρˆ∂IwˆI , (1.31)
∂twˆ
J = −wˆI∂I wˆJ − 1
ρˆ
∂Jp(ρˆ) + gˆJ , (1.32)
∆Φˆ = 4(ρˆ− µ˜), (1.33)
where
gˆJ = − 4
a˜′a˜7/2
∫
T3
ρ˜0w˜
J
0 d
3x− 1
4
∂J Φˆ− µ˜
3
xJ . (1.34)
A Newtonian potential can be defined by
Φˇ =
Φˆ
4
+
µ˜
6
δIJx
IxJ +
4
a˜′a˜7/2
δIJx
I
∫
T3
ρ˜0w˜
J
0 d
3x. (1.35)
This potential satisfies the Poisson equation
∆Φˇ = ρˆ, (1.36)
while the acceleration due to gravity gˆJ takes the familiar form
gˆJ = −∂JΦˇ. (1.37)
Together, equations (1.31), (1.32), (1.36), and (1.37) show that solutions to the cosmological Poisson-
Euler equations determine solutions to the standard Poisson-Euler equations on the covering space M˜ .
1.1. Notation. Before proceeding, we first fix our notation and introduce a number of function spaces
that will be used in this article. Given a finite dimensional vector space V , we let Hs(V ) denote the
standard Sobolev space of V -valued maps on T3. When V = R, we just write Hs. The only two vector
spaces that will be used in this article are RN and the space of symmetric matrices SN = { (uij) ∈
MN×N | uij = uji }.
We denote the projection operator onto the L2 orthogonal complement of the constant function 1 by
Π(ψ) = ψ − 〈1|ψ〉L21 ∀ ψ ∈ L2(T3).
Given {eα}Nα=1 any basis for V , we use this projection to define
H¯s(V ) =
{
ψ =
N∑
α=1
ψαeα ∈ Hs(V )
∣∣∣ 〈1|ψα〉L2 = 0}.
We also define the standard hyperbolic evolution spaces
XT,ℓ,s(V ) =
ℓ+1⋂
p=0
Cp
(
[0, T ), Hs−p(V )
)
.
and write XT,ℓ,s if V = R.
1In the Newton-Cartan theory, the fluid velocity 3-vector w˜I is the spatial part of a 4-vector w˜ = ∂t + w˜I∂I [12]. The
formula (1.29) follows from the calculating the spatial components of wˆ = ψ∗w˜. The other two formulas (1.28) and (1.30)
follow from the definition of the pullback, i.e. ρˆ = ψ∗ρ˜ and Φˆ = ψ∗Φ˜.
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1.2. Main result. The main results of this article is the following Theorem which establishes the
existence of a wide class of 1-parameter families of solutions to the Einstein-Euler equations that converge
in the limit ǫ ց 0 to solutions of the cosmological Poisson-Euler equations (1.20)-(1.22). See Section 5
for the proof.
Theorem 1.1. Suppose K > 0, n, s, ℓ ∈ Z≥0, s ≥ 3 + ℓ, α˜0 ∈ Hs, w˜I0 ∈ Hs(R3), u˘IJ0 ∈ H¯s(S3)
, u˘IJ ∈ H¯s+1(S3), T0 as defined in Proposition 4.1, and σ0 > 0 is defined by (1.23) where ρ˜0 =
(4Kn(n+1))−nα˜2n0 . Then for ǫ0 small enough, there exists a T ∈ (0, T0) independent of ǫ ∈ (0, ǫ0), and
maps
u¯ijǫ ∈ XT,ℓ+1,s+1(S4) 0 < ǫ < ǫ0,
αǫ ∈ XT,ℓ,s, wiǫ(t) ∈ XT,ℓ,s(R4) 0 < ǫ < ǫ0,
α˜ ∈ XT0,ℓ,s, w˜I ∈ XT0,ℓ,s(R3), Φ˜ ∈ XT0,ℓ+2,s+2,
σ ∈ Cω((−ǫ0, ǫ0),R>σ0/2), σ(0) = σ0,
yJ ∈ Cω((−ǫ0, ǫ0),R3), yJ(0) = − 1
σ0
∫
T3
ρ˜0w˜
J
0 d
3x
such that
(i)
αǫ|t=0 = α˜0,
(wjǫ )|t=0 = (w0ǫ , w˜I0),
(u¯ijǫ )
∣∣
t=0
=
(
u˘00ǫ
1
ǫ y
J(ǫ) + u¯0Jǫ
1
ǫ y
J(ǫ) + u˘J0ǫ ǫu˘
IJ
)
,
(∂tu¯
ij
ǫ )
∣∣
t=0
=
(
∂tu¯
00
ǫ
∣∣
t=0
∂tu¯
0J
ǫ |t=0
∂tu¯
0J
ǫ
∣∣
t=0
u˘IJ0
)
where
∂tu¯
00
ǫ
∣∣
t=0
= −1
ǫ
∂I u˘
I0
ǫ −
3
2
ln(a)′u˘00ǫ −
1
2
a′δIJǫu˘
IJ ,
∂tu¯
0J
ǫ
∣∣
t=0
= −∂I u˘IJ − 5
2
ln(a)′
(
1
ǫ
yJ(ǫ) + u˘0Jǫ
)
,
(ii) {u¯ijǫ (t, x), αǫ(t, x), wiǫ(t, x)} determines, via the formulas (1.11), (1.13), and (1.15), a 1-parameter
family of unique solutions to the Einstein-Euler equations (1.1) in the harmonic gauge on the
common spacetime region (t, x) ∈M = [0, T )× T3,
(iii) {Φ˜(t, x), ρ˜(t, x), w˜I (t, x)} solves the cosmological Euler-Poisson equations (1.20)-(1.22) on the
spacetime region M , and
(iv) there exists a constant C > 0 independent of ǫ ∈ (0, ǫ0) such that
ǫ−1‖v0ǫ (t)− 1‖Hs−1+‖vIǫ (t)− w˜I(t)‖Hs−1 + ‖ρǫ(t)− ρ˜(t)‖Hs−1 ≤ Cǫ,
‖ǫu¯ijǫ (t)− u˜ij(t)‖Hs−1 + ‖∂K u¯ijǫ (t)− δi0δj0Φ˜(t)‖Hs−1 ≤ Cǫ,
and
‖ǫ∂tu¯00ǫ (t)‖Hs−1 ≤ Cǫ,
‖ǫ∂tu¯0Jǫ (t)− u˜0J0 (t) +
a′(t)
2a(t)
u˜0J (t)‖Hs−1 ≤ Cǫ,
‖ǫ∂tu¯IJǫ (t)− u˜IJ0 (t)‖Hs−1 ≤ Cǫ,
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for all (t, ǫ) ∈ [0, T )× (0, ǫ0), where
u˜ij0 = 2δ
(i
0 δ
j)
J
(
−
(
1
µ˜
ζJ
)′
− a˜
′
2a˜
1
µ˜
ζJ
)
,
u˜ij = 2δ
(i
0 δ
j)
J
(
− 2
µ˜
ζJ
)
,
and µ˜, a˜, and ζJ are defined by equations (1.24), (1.25), and (1.26).
2. The Einstein-Euler equations
In this section, we adapt the formulation used in [10] to write the Einstein-Euler equations in a
form suitable to analyze the limit ǫ ց 0 for initial data that does not satisfy (1.2)-(1.3). The main
change from the formalism used in [10] is that scale factor aǫ(t) appearing in the FLRW metric is now
ǫ-dependent through the function σ(ǫ). This additional freedom allows us to construct initial data that
is more general than that in [10].
2.1. Reduced Einstein Equations. To derive a suitable symmetric hyperbolic system for the gravi-
tational field equations, we introduce new coordinates related to old ones by the rescaling
x¯0 = x0/ǫ, x¯J = xJ ,
and let
∂¯i =
∂
∂x¯i
.
In the new coordinates, the spacetime metric g¯ij and the FLRW metric h¯ij (see (1.4)) are given by
g¯ij = J
k
i J
k
j gij and h¯ij = −δ0i δ0j + aδIi δJi δIJ
respectively, where Jji is defined in (1.12). The non-zero independent components of the Christoffel
symbols γ¯kij and the curvature R¯ijkl of the metric h¯ij are:
γ¯I0I =
ǫ
2
a′
a
, (2.1)
γ¯0II =
ǫ
2
a′, (2.2)
R¯0I0I = − ǫ
2
4
2aa′′ − (a′)2
a
, (2.3)
and
R¯2121 = R¯1313 = R¯2323 = ǫ
2
4
(a′)2. (2.4)
As discussed in the introduction, we take the symmetric 2-tensor u¯ij as our primary gravitational
variable where
u¯ij =
1
ǫ2
(√
|g¯|√
|h¯|
g¯ij − h¯ij
)
(2.5)
and
|g¯| = − det(g¯ij) and |h¯| = − det(h¯ij) = a3. (2.6)
The metric can be recovered from the u¯ij by the formula
g¯ij =
1√
−|h¯| det(gˆkl)
gˆij , (2.7)
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where
gˆij = h¯ij + ǫ2u¯ij . (2.8)
Substituting (2.7) into the standard formula for the Christoffel symbols gives
Γ¯kij = γ¯
k
ij + ǫ
2
(
−gˆl(iD¯j)u¯kl + 12 gˆklgˆimgˆjnD¯lu¯mn − 14 gˆklgˆij gˆmnD¯lu¯mn + 12 gˆlmδk(iD¯j)u¯lm
)
, (2.9)
where (gˆij) = (gˆ
ij)−1 and D¯k is the h¯ij covariant derivative. Using this formula, the Einstein tensor
G¯ij of the metric g¯ij is given by
|g¯|G¯ij = ǫ
2
2
|h¯|[gˆklD¯kD¯lu¯ij + ǫ2(aij1 + aij2 + aij3 )+ bij + ǫcij1 + ǫ2cij2 + 4ǫ2T¯ ij], (2.10)
where
aij1 =
1
2
(
1
2 gˆklgˆmn − gˆkmgˆln
)(
gˆipgˆjq − 12 gˆij gˆpq
)
D¯pu¯
klD¯qu¯
mn, (2.11)
aij2 = 2gˆkl
(
gˆn(iD¯mu¯
j)lD¯nu¯
km − 12 gˆijD¯mu¯knD¯nu¯ml − gˆmnD¯mu¯ikD¯nu¯jl
)
, (2.12)
aij3 = D¯ku¯
ijD¯lu¯
kl − D¯ku¯ilD¯lu¯jk, (2.13)
bij = gˆijD¯kD¯lu¯
kl − 2D¯lD¯ku¯k(igˆj)l, (2.14)
cij1 = −
(
h¯ijǫu¯kl + ǫu¯ij h¯kl
) 1
ǫ2
R¯kl + 2
ǫ2
R¯lkm(iǫu¯j)kh¯lm + 2
ǫ2
R¯lkm(ih¯j)kǫu¯lm, (2.15)
cij2 = −ǫu¯ijǫu¯kl
1
ǫ2
R¯kl + 2
ǫ2
R¯lkm(iǫu¯j)kǫu¯lm, (2.16)
and
T¯ ij = µξ¯iξ¯j , ξ¯i = 1
ǫ
δi0. (2.17)
For later use, we define
cijkl = −
1
ǫ2
R¯klh¯ij− 1
ǫ2
R¯δikδjl +
2
ǫ2
R¯k(iδj)l +
2
ǫ2
R¯kml(ih¯j)m (2.18)
so that
cij1 = c
ij
klǫu¯
kl.
To fix the gauge, we set
D¯iu¯
ij = 0. (2.19)
For ǫ > 0, it is clear from (2.5) that this is equivalent to
D¯i
(√|g¯|g¯ij) = 0,
and this is easily seen to be equivalent to the harmonic coordinate condition
g¯ij
(
Γ¯kij − γ¯kij
)
= 0.
Defining the reduced Einstein tensor G¯ijR by
G¯ijR =
1
ǫ2
|g¯|
|h¯| G¯
ij − bij = 12
(
gˆklD¯kD¯lu¯
ij + ǫ2
(
aij1 + a
ij
2 + a
ij
3
)
+ ǫcij1 + ǫ
2cij2 + 4ǫ
2T¯ ij
)
, (2.20)
Einstein’s equations G¯ij = 2ǫ4T¯ ij in the gauge (2.19) become
G¯ijR = 2ǫ
2 |g¯|
|h¯| T¯
ij , (2.21)
where
T¯ ij = (ρ+ ǫ2p)v¯iv¯j + pg¯ij and v¯iv¯j = − 1
ǫ2
. (2.22)
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To write the reduced Einstein equations (2.21) in first order form, we introduce the variables
uij = ǫu¯ij and uijk = D¯ku¯
ij . (2.23)
With these variables, we have that
D¯ku
ij
l = D¯lu
ij
k −
2
ǫ
R¯klm(iuj)m,
or equivalently
∂¯ku
ij
l = ∂¯lu
ij
k + 2γ¯
(i
lmu
j)m
k − 2γ¯(ikmuj)ml −
2
ǫ
R¯klm(iuj)m. (2.24)
In particular, this implies that
∂¯0u
ij
I = ∂¯Iu
ij
0 + 2γ¯
(i
Imu
j)m
0 − 2γ¯(i0muj)mI −
2
ǫ
R¯0Im(iuj)m, (2.25)
and hence
gˆklD¯kD¯lu¯
ij = gˆ00∂¯0u
ij
0 + gˆ
0I ∂¯0u
ij
I + gˆ
0I ∂¯Iu
ij
0 + gˆ
IJ ∂¯Iu
ij
J + gˆ
kl(−γ¯mkluijm + 2γ¯(ikmuj)ml )
= gˆ00∂¯0u
ij
0 + 2ǫu
0I ∂¯Iu
ij
0 + gˆ
IJ ∂¯Iu
ij
J + ǫd
ij
1 + ǫ
2dij2 , (2.26)
where
dij1 = h¯
kl
(
−1
ǫ
γ¯mklu
ij
m +
2
ǫ
γ¯
(i
kmu
j)m
l
)
(2.27)
and
dij2 = u
kl
(
−1
ǫ
γ¯mklu
ij
m +
2
ǫ
γ¯
(i
kmu
j)m
l
)
+ u0I
(
2
ǫ
γ¯
(i
Imu
j)m
0 −
2
ǫ
γ¯
(i
0mu
j)m
I −
2
ǫ2
R¯0Im(iuj)m
)
. (2.28)
Using (2.1)-(2.2), we find that
dij1 = d
ijm
kl u
kl
m (2.29)
where
dijmkl =
a′
a
(
−3
2
δikδ
j
l δ
m
0 + δ
(i
0 δ
j)
k δ
I
l δ
m
I +
1
a
δI(iδ
j)
k δ
m
I δ
0
l − δ(iI δj)k δIl δm0
)
. (2.30)
Setting
eijmJkl =
2
ǫ
γ¯
(i
Jkδ
j)
l δ
m
0 −
2
ǫ
γ¯
(i
0kδ
j)
l δ
m
J , (2.31)
and
f ijJ = −
2
ǫ2
R¯0Jl(iδj)k , (2.32)
equations (2.25) and (2.26) can be used to write the reduced Einstein equations (2.21) in the following
first order form
−agˆ00∂tuij0 = 2au0I∂Iuij0 +
1
ǫ
agˆIJ∂Iu
ij
J + a
(
cijklu
kl + dijmkl u
kl
m
)
+ ǫa
(
aij1 + a
ij
2 + a
ij
3 + c
ij
2 + d
ij
2
)
+ 4ǫa
(
T¯ ij − |g¯||h¯| T¯
ij
)
, (2.33)
agˆIJ∂tu
ij
J =
1
ǫ
agˆIJ∂Ju
ij
0 + agˆ
IJ
(
eijmJkl u
kl
m + f
ij
J u
kl
)
, (2.34)
and
∂tu
ij = uij0 −
2
ǫ
γ¯
(i
0ku
j)k. (2.35)
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To be correctly defined, the reduced Einstein equations (2.33)-(2.35) require that the matrix gˆij is
invertible. By assumption, σ(ǫ) is analytic in a neighborhood of ǫ = 0 and σ(0) = σ0 > 0 (see (1.23)).
Thus there exists an ǫ0 > 0 such that
2
0 <
σ0
2
≤ σ(ǫ) ≤ 2σ0 ∀ ǫ ∈ (−ǫ0, ǫ0).
For fixed −
√
4/(3σ0) < τ0 < 0 and τ1 > 0, it is clear from (1.9) that(√
3µ0
4
τ0 + 1
) 4
3
≤ aǫ(t) ≤
(√
3σ0τ1 + 1
) 4
3
for all (t, ǫ) ∈ [τ0, τ1]× (−ǫ0, ǫ0). This implies that the set
V = {(rij)| det(h¯ij + rij) > 0 ∀ (t, ǫ) ∈ [τ0, τ1]× (−ǫ0, ǫ0)}
is open and contains the origin (rij) = 0, and moreover that the reduced Einstein equations (2.33)-(2.35)
are well defined for all t ∈ (τ0, τ1), ǫ ∈ (0, ǫ0), and (ǫuij) ∈ V . We also note that
4ǫ2
( |g¯|
|h¯| T¯
ij − T¯ ij
)
= 4(ρ− µ)δi0δj0
+ ǫ
[
8δ
(i
0 ρw
j) + 4δi0δ
j
0ρh¯klu
kl
]
+ ǫ2Sij0 (ǫ, σ, u
kl, ρ, wk), (2.36)
where the map Sij0 is analytic in all variables provided that (ǫ, σ) ∈ (−ǫ0, ǫ0)×(σ0/2, 2σ0), and (ǫuij) ∈ V .
2.2. Regularized Euler equations. In the coordinates (x¯i), the Euler equations are given by
∇¯iT¯ ij = 0 (2.37)
where T¯ ij = (ρ+ ǫ2p)v¯iv¯j + pg¯ij and the fluid velocity v¯i is normalized according to
v¯iv¯
i = − 1
ǫ2
. (2.38)
To derive a symmetric hyperbolic system for the Euler system, we follow the method of [1] and differ-
entiate (2.38) to get
v¯i∇¯j v¯i = 0 (2.39)
which in turn implies
v¯j v¯i∇¯j v¯i = 0. (2.40)
Writing out (2.37) explicitly, we have
(∂¯iρ+ ǫ
2∂¯ip)v¯
iv¯j + (ρ+ ǫ2p)(v¯j∇¯iv¯i + v¯i∇¯iv¯j) + g¯ij ∂¯ip = 0 . (2.41)
Next, we observe that the operator
Lji = δ
j
i + ǫ
2v¯j v¯i
projects into subspace orthogonal to the fluid velocity v¯i, i.e. LjiL
i
k = L
j
k and L
j
i v¯
i = 0. Applying this
operator to project (2.41) into components parallel and orthogonal to v¯i yields, after using the relations
(2.38)-(2.40), the following system
v¯i∂¯iρ+ (ρ+ ǫ
2p)Lij∇¯iv¯j = 0, (2.42)
Mij v¯
k∇¯kv¯j + 1
ρ+ ǫ2p
Lij ∂¯ip = 0, (2.43)
where
Mij = g¯ij + 2ǫ
2v¯iv¯j .
2The bound 0 < σ0
2
≤ σ(ǫ) ≤ 2σ0 ∀ǫ ∈ (−ǫ0, ǫ0) is somewhat arbitrary and could be replaced by any bound of the
form 0 < σ0
C
≤ σ(ǫ) ≤ Cσ0. However, as we are interested in the limit ǫց 0, nothing is missed by assuming that C = 2.
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Changing to the Makino density variable α (see (1.15)) and multiplying (2.42) by the square of the
function
f =
(
1 +
1
4n(n+ 1)
(ǫα)2
)
transforms the Euler equations (2.42)-(2.43) into
f2v¯i∂¯iα+
α
2nf
Lij∇¯iv¯j = 0, (2.44)
Mij v¯
k∇¯kv¯j + α
2nf
Lij ∂¯iα = 0. (2.45)
As discussed in the introduction, we need to introduce a new fluid four-vector by
wi = v¯i − ξ¯i = v¯i − δ
i
0
ǫ
. (2.46)
So, letting
WM = (α,w
i)T (2.47)
allows us to write the system (2.44)-(2.45) as
A0M∂tWM = A
I
M∂IWM + FM , (2.48)
where
A0M =
(
f2(1 + ǫw0) ǫα2nfL
0
j
ǫα
2nfL
0
i Mij(1 + ǫw
0)
)
, (2.49)
AIM =
( −f2wI − α2nfLIj
− α2nfLIi −MijwI
)
, (2.50)
and
FM =
(
α
2nfL
i
j
(
γ¯jil − Γ¯jil
)
v¯l − α2nfLij γ¯jilv¯l
Mij
(
γ¯jkl − Γ¯jkl
)
v¯kv¯l −Mij γ¯jklv¯kv¯l
)
. (2.51)
Next, a straightforward calculation using (2.7) and (2.9) shows that
Mij = h¯ij + 2δ
0
i δ
0
j + ǫmij(ǫ, σ, u
kl, wk),
Lij = δ
i
j − δi0δ0j + ǫℓji (ǫ, σ, ukl, wk),
Lij
(
γ¯jil − Γ¯jil
)
v¯l = ǫq0(ǫ, σ, u
ij , uijk , w
i),
Lij γ¯
j
ilv¯
l =
3
2
a′
a
+ ǫq1(ǫ, σ, u
ij , wi),(
γ¯jkl − Γ¯jkl
)
v¯kv¯l = −uj00 +
1
4
δj0(3u000 − aδKLuKL0 )
− 1
4
δjI
(
1
a
u00I + δKLu
KL
I
)
+ ǫqj0(ǫ, σ, u
ij , uijk , w
i),
γ¯jklv¯
kv¯l =
a′
a
δjIw
I + ǫ
[
1
ǫ
γ¯jklw
kwl
]
,
12 T.A. OLIYNYK
where the maps mij , ℓ
j
i , q0, q1, and q
j
0 are analytic in all their variables provided that (ǫ, σ) ∈ (−ǫ0, ǫ0)×
(σ0/2, 2σ) and (ǫu
ij) ∈ V . Using these expressions, we can decompose A0M , AIM , and FM as
A0M = A
0
M,0 + ǫA
0
M,1(ǫ, σ, u
ij , α, wi), (2.52)
AIM = A
I
M,0 + ǫA
I
M,1(ǫ, σ, u
ij , α, wi), (2.53)
FM = FM,0 + ǫFM,1(ǫ, σ, u
ij , uijk , α, w
i), (2.54)
where
A0M,0 =
(
1 0
0 h¯ij + 2δ
0
i δ
0
j
)
, (2.55)
AIM,0 =
( −wI − α2nδIj
− α2nδIi −(h¯ij + 2δ0i δ0j )wI
)
, (2.56)
FM,0 =
(
− 3a′4naα
(h¯ij + 2δ
0
i δ
0
j )
[
−uj00 + 14δj0(3u000 − aδKLuKL0 )− 14δjI
(
1
au
00
I + δKLu
KL
I
)− a′a δjIwI]
)
, (2.57)
and the maps A0M,1, A
I
M,0, FM,1 are analytic in all their variables provided that (ǫ, σ) ∈ (−ǫ0, ǫ0) ×
(σ0/2, 2σ0) and (ǫu
ij) ∈ V .
2.3. A nonlocal symmetric hyperbolic formulation. To bring the reduced Einstein equations
(2.33)-(2.35) into a form that is suitable to analyze the limit ǫց 0, we replace the uijJ with the variables
W ijI = u
ij
I − δi0δj0∂IΦ (2.58)
where Φ satisfies the Poisson equation
∆Φ = 4aΠ(ρ− µ). (2.59)
where ∆ = δIJ∂I∂J is the flat Laplacian. In addition to Φ, we also need the time derivative
Φ˙ = ∂tΦ (2.60)
which satisfies
∆Φ˙ = 4aΠ
(
∂t(ρ− µ)
)
+ 4a′Π
(
ρ− µ). (2.61)
Using (2.42)-(2.43) to replace the time derivatives of ρ and ∂tw
i in favor of spatial derivatives, we find
that
∂t(ρ− µ) = −3
2
a′
a
(ρ− µ)− ∂I(ρwI) + ǫ
[
∂I(ρw
Iw0) + ρ
(
3
4
u000 −
a
4
δIJu
IJ
0
)]
− ǫ2α2
[
Q0(ǫ, σ, u
ij , α, wi) +Q1(ǫ, σ, u
ij , α, wi, ∂Iα, ∂Iw
i)
]
, (2.62)
where Qν (ν = 0, 1) are analytic in all variables for (ǫ, σ) ∈ (−ǫ0, ǫ0)× (σ0/2, 2σ0), and (ǫuij) ∈ V , and
Q1 is linear in (∂Iα, ∂Iw
i).
Letting,
φ = −4
ǫ
〈1ˆ|ρ− µ〉L2 , (2.63)
we see from (2.62) that φ satisfies
φ′ = −3
2
a′
a
φ− 4
[〈
ρ
∣∣∣3
4
u000 −
a
4
δIJu
IJ
0
〉
L2
]
+ 4ǫ〈α21ˆ|Q0 +Q1〉L2 . (2.64)
Define
W = (uij0 ,W
ij
I , u
ij , φij , α, wj)T , (2.65)
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(2.33)-(2.35), (2.36), (2.48), (2.49)-(2.51), (2.52)-(2.54), (2.56)-(2.57), (2.58), (2.63) and (2.64) that W
satisfies
A0∂tW =
1
ǫ
CI∂IW + (A
I
0 + ǫA
I
1)∂IW + F0 + ǫF1, (2.66)
where
A0 =
(
A0G 0
0 A0M,0 + ǫA
0
M,1
)
, (2.67)
A0G =

a(1− ǫu00) 0 0 0
0 (δIJ + ǫauIJ) 0 0
0 0 1 0
0 0 0 1
 , (2.68)
AI0 =
(
AIG 0
0 AIM,0
)
, (2.69)
AIG =

2au0I auIJ 0 0
auIJ 0 0 0
0 0 0 0
0 0 0 0
 , (2.70)
AI1 =
(
0 0
0 AIM,1
)
, (2.71)
CI =
(
CIG 0
0 0
)
, (2.72)
CIG =

0 δIJ 0 0
δIJ 0 0 0
0 0 0 0
0 0 0 0
 , (2.73)
and
F0 =

a
(
δi0δ
j
0
(
uIJ∂I∂JΦ + φ− 4ρh¯klukl
)− 8δ(i0 ρwj) + cijklukl + dijmkl uklm)
−δIJ∂J Φ˙0δi0δj0 + δIJ
(
eijmJkl u
kl
m + f
ij
J u
kl
)
uij0 − 2ǫ γ¯
(i
0ku
j)k
− 32 a
′
a φ−
〈
ρ
∣∣3u000 − aδIJuIJ0 〉L2
− 3a′4naα
(h¯ij + 2δ
0
i δ
0
j )
(
−uj00 + 14δj0(3u000 − aδKLuKL0 )− 14δjI
(
1
au
00
I + δKLu
KL
I
)
− a′(t)a δjIwI
)

, (2.74)
Φ˙0 = −4aΠ
(
∂I(ρw
I) +
1
2
a′
a
(ρ− µ)
)
, (2.75)
F1 =

a
(
aij1 + a
ij
2 + a
ij
3 + c
ij
2 + d
ij
2 − Sij0
)
− 1ǫ δIJ∂J(Φ˙− Φ˙0)δi0δj0 + auIJ
[
∂J Φ˙δ
i
0δ
j
0 + e
ijm
Jkl u
kl
m + f
ij
J u
kl
]
4〈α21ˆ|Q0 +Q1〉
1
ǫ
(
FM,0 − F˜M,0
)
+ FM,1
 . (2.76)
For ǫ > 0, equation (2.66) is completely equivalent to the Einstein-Euler equations in the harmonic
gauge. It is this form of the Einstein-Euler equations that will be useful for analyzing the limit ǫց 0.
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2.4. Well-posedness of the nonlocal system. The well-posedness of the non-local symmetric hy-
perbolic system (2.65) follows from the same arguments used in Section 2.4 of [10], and will not be
repeated here. The well-posedness of the system (2.65) combined with its particular structure allows
us to apply the local existence results of Schochet [13, 14] (see also [3, 4]) to obtain the existence of
one-parameter families of solutions to (2.65) on spacetime regions of the form M = [0, T )× T3 where
T is independent of ǫ, and also to identify the cosmological Poisson-Euler equations (1.20)-(1.22) as the
correct limit equations satisfied by the ǫ ց 0 limit of the solutions of (2.65). The details of this are
presented in Sections 4 and 5.
3. Newtonian initial data
In order to solve the initial value problem for the Einstein equations, we must first construct initial
data that satisfies the following constraint equations on the initial hypersurface defined by t = 0:(
G¯0j − 2ǫ4T¯ 0j)∣∣
t=0
= 0, (3.1)
D¯iu¯
ij
∣∣
t=0
= 0, (3.2)
and (
g¯ij v¯
iv¯j +
1
ǫ2
)∣∣∣
t=0
= 0, (3.3)
which are the gravitational constraints, the harmonic gauge condition, and the fluid 4-velocity normal-
ization, respectively.
To find 1-parameter families of solutions to these equations, we adapt the method developed by
Lottermoser in [6]. We begin by writing (3.2) as (see (2.23))
ukjj
∣∣
t=0
= 0, (3.4)
which shows that
∂Ju
kj
k
∣∣
t=0
= 0, (3.5)
and hence, that
D¯iu
kj
k
∣∣
t=0
= δ0i ǫ∂tu
kj
k . (3.6)
Substituting this into (2.14) yields
b0j
∣∣
t=0
= −gˆ00ǫ∂tujkk . (3.7)
Setting
Hij =
(
gˆklD¯kD¯lu¯
ij + bij
)|t=0,
it follows directly from (2.26) and (3.7) that
H0j = gˆIJ∂Iu
0j
J − gˆ00ǫ∂tujII + 2ǫu0I∂Iu0j0 + ǫd0j1 + ǫ2d0j2 . (3.8)
Setting j = J in the above expression while using (3.4) gives
H0J = gˆKL∂Ku
0J
L − gˆ00ǫ∂tuJII − 2ǫu0I∂IuKJK + ǫd0J1 + ǫ2d0J2 . (3.9)
From the non-vanishing Christoffel symbols (2.1)-(2.2), we get that
u000 = ǫ∂tu¯
00, (3.10)
u0J0 = ǫ∂tu¯
0J +
a′
2a
u0J , (3.11)
uIJ0 = ǫ∂tu¯
IJ +
a′
a
uIJ , (3.12)
COSMOLOGICAL NEWTONIAN LIMIT WITHOUT AVERAGING 15
and
u00K = ∂K u¯
00 + a′u0K , (3.13)
u0JK = ∂K u¯
0J +
a′
2
uKJ +
a′
2a
δJKu
00, (3.14)
uIJK = ∂K u¯
IJ +
a′
a
δ
(I
Ku
J)0. (3.15)
Using (2.3)-(2.4), (3.4), and (3.10)-(3.15), a straightforward calculation (see (2.15) and (2.27)) shows
that
ǫ∂tu
IJ
I + ǫ(d
0J
1 + c
0J) = ∂I(ǫ∂tu¯
IJ ) + ǫ
[
−3
2
(
a′
a
)2
uJ0 +
a′
2a
∂I u¯
JI +
a′
2a2
∂J u¯
00
]
. (3.16)
Setting j = 0 in (3.8) while using (2.25) and (3.4) gives
H00 = gˆKL∂Ku
00
L − ∂IuIJJ + ǫ
[
u00∂Iu
IJ
J − gˆ00
(2
ǫ
γ¯
(0
0mu
I)m
I
− 2
ǫ
γ¯
(0
Imu
I)m
0 −
2
ǫ2
R¯0Im(0uI)m
)
− 2u0I∂IuJ0J + d001 + ǫd002
]
(3.17)
Next, we decompose the gravitational variables as follows
u¯0j =
1
ǫ
yIδjI + u˘
0j, (3.18)
u¯IJ = ǫu˘IJ , (3.19)
∂tu¯
IJ = u˘IJ0 , (3.20)
where we assume that the yJ are constants and∫
T3
u˘0j d3x = 0. (3.21)
In terms of these variables, the harmonic conditions become
∂tu¯
00 = −1
ǫ
∂I u˘
I0 − 3
2
ln(a)′u˘00 − 1
2
a′δIJǫu˘
IJ , (3.22)
∂tu¯
0J = −∂I u˘IJ − 5
2
ln(a)′
(
1
ǫ
yJ + u˘0J
)
. (3.23)
Using (2.10), (3.9), (3.16), (3.17), (3.22), and (3.23), the gravitational constraints (3.1) take the form
∆u˘00 − 4a(ρ− µ) + ǫ[f01 (ǫ, σ, y, u˘, ρ, w) + f01 (ǫ, σ, y, u˘, ∂2xu˘, ∂xu˘, u˘0) + f02 (ǫ, σ, y, u˘, ∂xu˘, u˘0)] = 0, (3.24)
∆u˘0J + ǫa
[a′
a
∂J u˘00 + ∂I u˘
IJ
0 + y
KL∂K∂Lu˘
0J
]
+ ǫa
[
−3
2
(a′
a
)2
yJ − 4ρwJ
]
+ ǫ2
[
fJ1 (ǫ, σ, y, u˘, ρ, w) + f
J
1 (ǫ, σ, y, u˘, ∂
2
xu˘, ∂xu˘, u˘0) + f
J
2 (ǫ, σ, y, u˘, ∂xu˘, u˘0)
]
= 0, (3.25)
where (i) for any R > 0 there exists an ǫ0 > 0 such that the maps fα (α = 2, 3, 4) are analytic in all their
variables provided |ǫ| < ǫ0, σ ∈ (σ0/2, 2σ0) and |u¯ij | < R, (ii) f j2 is linear in (∂K∂Lu¯ij , ∂K u¯ij , ∂tu¯ij),
and (iii) f j2 is quadratic in (∂tu¯
ij , ∂K u¯
ij). Here, a, a′, and µ are determined by evaluating the formulas
(1.6), (1.9) and (1.10) at t = 0, that is
a = 1, µ = σ, and a′ =
√
8
3
σ. (3.26)
Also, a calculation using (2.7) shows that (3.3) can be written as
w0 − ǫf0
(
ǫ, σ, y, u˘ij , wI
)
= 0, (3.27)
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where the map f0 is analytic provided |ǫ| < ǫ0, σ ∈ (σ0/2, 2σ0), |u¯ij | < R, and |wI | < R.
Theorem 3.1. Suppose s > 3/2, R > 0, α ∈ Hs, wI ∈ Hs(R3), u˘IJ0 ∈ H¯s(S3) , u˘IJ ∈ BR
(
H¯s+1(S3)
)
.
Then there exists an ǫ0 > 0, and analytic maps
(−ǫ0, ǫ0) ∋ ǫ 7−→ σ(ǫ) ∈ R>0,
(−ǫ0, ǫ0) ∋ ǫ 7−→ w0ǫ ∈ Hs,
(−ǫ0, ǫ0) ∋ ǫ 7−→ yJ(ǫ) ∈ R3,
and
(−ǫ0, ǫ0) ∋ ǫ 7−→ u˘0jǫ = u˘j0ǫ ∈ H¯s(R4),
such that for every ǫ ∈ (−ǫ0, ǫ0)
α|t=0 = α,
(wjǫ )|t=0 = (w0ǫ , wI),
(u¯ijǫ )
∣∣
t=0
=
(
u˘00ǫ
1
ǫ y
J(ǫ) + u¯0Jǫ
1
ǫ y
J(ǫ) + u˘J0ǫ ǫu˘
IJ
)
and
(∂tu¯
ij
ǫ )
∣∣
t=0
=
(
∂tu¯
00
ǫ
∣∣
t=0
∂tu¯
0J
ǫ |t=0
∂tu¯
0J
ǫ
∣∣
t=0
u˘IJ0
)
where
∂tu¯
00
ǫ
∣∣
t=0
= −1
ǫ
∂I u˘
I0
ǫ −
3
2
ln(a)′u˘00ǫ −
1
2
a′δIJǫu˘
IJ ,
and
∂tu¯
0J
ǫ
∣∣
t=0
= −∂I u˘IJ − 5
2
ln(a)′
(
1
ǫ
yJ(ǫ) + u˘0Jǫ
)
,
satisfy the gravitational constraint equations (3.1), the harmonic gauge condition (3.2), and the fluid
velocity normalization (3.3). Moreover, the maps σ(ǫ), w0ǫ , y
J(ǫ) and u˘0jǫ admit the expansions
σ(ǫ) = σ0 +O(ǫ), w
0
ǫ = O(ǫ), y
J(ǫ) = yJ0 +O(ǫ),
u˘00ǫ = φ+O(ǫ), and u˘
0J
ǫ = O(ǫ),
where
σ0 =
∫
T3
ρ d3x, yJ0 = −
1
σ0
∫
T3
ρwJ d3x,
and
φ = ∆−1(ρ− σ0).
Proof. Applying the projection operators Π and 1I − Π to the equations (3.24)-(3.25), while observing
the averaging conditions (3.21) and the definitions (3.26), yields the equations
σ − 〈1|ρ〉L2 +
ǫ
4
〈1|F 0(ǫ, σ, y, u˘, u˘0, α, w)〉L2 = 0, (3.28)
yJ +
1
σ
〈1|ρwJ 〉L2 −
1
4σ
ǫ〈1|F J(ǫ, σ, y, u˘, u˘0, α, w)〉L2 = 0, (3.29)
∆u˘00 − 4Π(ρ) + ǫΠ(F 0(ǫ, σ, y, u˘, u˘0, α, w)) = 0, (3.30)
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and
∆u˘0J + ǫΠ
(−4ρwJ + ǫF J(ǫ, σ, y, u˘, u˘0, α, w)) = 0. (3.31)
These equations together with (3.27) form the complete set of constraint equations to be solved
Using the same arguments as in Section 3 of [10], it can be shown that for any s > 3/2, R > 0, and
σ0 > 0 that there exists an ǫ > 0 such that the maps
(ǫ, σ, yJ , u˘ij , u˘IJ0 , α, w
j) ∋ (−ǫ0, ǫ0)× (σ0/2, 2σ0)× R3×
BR
(
H¯s+1(S4)
)×Hs(S3)×Hs ×Hs(R4) 7→ F j ∈ Hs−1(R4)
and
(ǫ, σ, y, u˘ij , wI) ∋ (−ǫ0, ǫ0)× (σ0/2, 2σ0)× R3 ×BR
(
H¯s+1(S4)
)×Hs(R3) 7→ f0 ∈ Hs
are analytic. Setting
ψ = (u˘IJ , u˘IJ0 , α, w
J )T and η = (σ, yJ , u˘0j, w0),
allows us to write the constraint equations (3.27), (3.28)-(3.31) as the following single equation:
L(ψ, η) + ǫM(ǫ, ψ, η) = 0 (3.32)
where
L(ψ, η) =

σ − 〈1|ρ〉L2
yJ + 1σ 〈1|ρwJ 〉L2
∆u˘0j − 4Π(ρ)δ0j
w0
 (3.33)
and M(ǫ, ψ, η) are analytic maps. It is clear that
η(ψ) =

〈1|ρ〉L2
− 1〈1|ρ〉
L2
〈1|ρwJ 〉L2
4δ0j∆−1Π(ρ)
0
 (3.34)
solves
L(ψ, η(ψ)) = 0. (3.35)
Also, a straightforward calculation shows that
D2L(ψ, η(ψ)) · δη =

δσ
δyJ − 〈1|ρwJ〉L2
〈1|ρ〉2
L2
δσ
∆δu˘0j
δw0
 , (3.36)
and it follows easily from this equation and the invertibility of the Laplacian ∆ : H¯s+1 −→ H¯s−1 that
the linear map
D2L(ψ, η(ψ)) : R× R3 × H¯s+1(R4)×Hs −→ R× R3 × H¯s−1(R4)×Hs (3.37)
is an isomorphism. The proof of the Theorem now follows from (3.32)-(3.37) and the analytic version
of the Implicit Function Theorem (see [2], Theorem 15.3). 
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4. Limit equations
The evolution equations (2.65) are now in a form to which the theory of singular symmetric hyperbolic
equations [4, 13, 14] pioneered and developed by Kreiss, Klainerman, Majda, and Schochet applies. We
know from the theory developed in these works that the appropriate limit equation that is satisfied by
solutions of (2.65) in the limit ǫց 0 is
A˜00∂tW = A˜
I
0∂IW + F˜ 0 + C
I∂Iω, (4.1)
CI∂IW = 0, (4.2)
where
F˜ 0 = F0
∣∣
ǫ=0
,
A˜00 =
(
A˜0G,0 0
0 A0,M |ǫ=0
)
,
and
A˜0G,0 =

a˜ 0 0 0
0 δIJ 0 0
0 0 1 0
0 0 0 1
 .
As we shall shortly see, solutions to the cosmological Poisson-Euler-Makino equations (1.16)-(1.18)
determine solutions to the limit equations (4.1)-(4.2). But first, we record the following local existence
and uniqueness result for the Poisson-Euler-Makino equations.
Proposition 4.1. Suppose s ≥ 3 + ℓ, α˜0 ∈ Hk, and w˜I0 ∈ Hk(R3). Then there exists a maximal time
T0 and a unique solution
α˜ ∈ XT0,ℓ,s, w˜I ∈ XT0,ℓ,s(R3), Φ˜ ∈ XT0,ℓ+2,s+2
to the Poisson-Euler-Makino equations (1.16)-(1.18) with initial data α˜|t=0 = α˜0 and w˜I |t=0 = w˜I0 .
Proof. Since the Poisson-Euler-Makino equations (1.16)-(1.18) form a (non-local) symmetric hyperbolic
system, the proof follows from standard theory. For example, see [15], Chapter 16. 
COSMOLOGICAL NEWTONIAN LIMIT WITHOUT AVERAGING 19
Proposition 4.2. Suppose {α˜, w˜I , Φ˜} is the solution to the Poisson-Euler-Makino equations from Propo-
sition 4.1, and let
a˜ = exp
(∫ t
0
(
8
3
∫
T3
ρ˜(s)d3x
) 1
2
ds
)
,
µ˜ =
∫
T3
ρ˜ d3x,
ζJ =
∫
T3
ρ˜w˜J d3x,
u˜ij0 = 2δ
(i
0 δ
j)
J
(
−
(
1
µ˜
ζJ
)′
− a˜
′
2a˜
1
µ˜
ζJ
)
,
u˜ij = 2δ
(i
0 δ
j)
J
(
− 1
µ˜
ζJ
)
,
W˜ 00I = a˜
′u˜0I ,
W˜ J0I = 0,
W˜ JKI =
a˜′
a˜
δ
(J
I u˜
K)0,
φ˜ = 0,
w˜i = δiJ w˜
J ,
h˜ij = −δ0i δ0j + a˜δIi δJi δIJ ,
d˜ijmkl =
a˜′
a˜
(
−3
2
δikδ
j
l δ
m
0 + δ
(i
0 δ
j)
k δ
I
l δ
m
I +
1
a˜
δI(iδ
j)
k δ
m
I δ
0
l − δ(iI δj)k δIl δm0
)
,
ωij0 = δ
i
0δ
j
0∂tΦ˜,
and
ωijI = ∆
−1
(−δi0δj0δIδJ Φ˜− d˜ijI00 ∂IΦ˜ + 8δ(i0 Π(ρ˜w˜j)) + h˜klu˜klΠ(ρ˜)).
Then
W˜ = (u˜ij0 , W˜
ij
I , u˜
ij , φ˜, α˜, w˜i)T ,
ω = (ωij0 , ω
ij
I , 0, 0, 0, 0)
T ,
defines a solution to the limit equations (4.1)-(4.2) on the spacetime region M0 = [0, T0)× T3.
Proof. The proof follows by a straightforward calculation that verifies W˜ is a solution to the limit
equation (4.1)-(4.2). 
5. The Newtonian limit
We are now ready to prove Theorem 1.1.
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Proof of Theorem 1.1. Given α˜0 ∈ Hs, w˜I0 ∈ Hs(R3), u˘IJ0 ∈ H¯s(S3) , u˘IJ ∈ H¯s+1(S3), we let
αǫ|t=0 = α˜0,
(wjǫ )|t=0 = (w0ǫ , w˜I0),
(u¯ijǫ )
∣∣
t=0
=
(
u˘00ǫ
1
ǫ y
J(ǫ) + u¯0Jǫ
1
ǫ y
J(ǫ) + u˘J0ǫ ǫu˘
IJ
)
,
(∂tu¯
ij
ǫ )
∣∣
t=0
=
(
∂tu¯
00
ǫ
∣∣
t=0
∂tu¯
0J
ǫ |t=0
∂tu¯
0J
ǫ
∣∣
t=0
u˘IJ0
)
,
where
∂tu¯
00
ǫ
∣∣
t=0
= −1
ǫ
∂I u˘
I0
ǫ −
3
2
ln(a)′u˘00ǫ −
1
2
a′δIJǫu˘
IJ ,
∂tu¯
0J
ǫ
∣∣
t=0
= −∂I u˘IJ − 5
2
ln(a)′
(
1
ǫ
yJ(ǫ) + u˘0Jǫ
)
,
be the initial data from Theorem 3.1. By construction, this data solves the constraint equations (3.1)-
(3.3), and depends analytically on ǫ, and satisfies
σǫ = σ0 +O(ǫ), w
0
ǫ = O(ǫ), y
J(ǫ) = yJ0 +O(ǫ),
u˘00ǫ = φ+ O(ǫ), and u˘
0J
ǫ = O(ǫ),
where
σ0 =
∫
T3
ρ d3x, yJ0 = −
1
σ0
∫
T3
ρwJ d3x,
and
φ = ∆−1(ρ− σ0).
A straightforward calculation then shows that
Wǫ(t) =
(
uij0,ǫ(t),W
ij
I,ǫ(t), u
ij
ǫ (t), φǫ(t), αǫ(t), w
j
ǫ (t)
)T
(5.1)
satisfies
W0
∣∣
t=0
= (u˜ij0 |t=0, 0, u˜ij
∣∣
t=0
, 0, α˜0, δ
j
Iw˜
I
0), (5.2)
where
ρ˜ = (4Kn(n+ 1))−nα˜2n,
a˜ = exp
(∫ t
0
(
8
3
∫
T3
ρ˜(s)d3x
) 1
2
ds
)
,
µ˜ =
∫
T3
ρ˜ d3x,
ζJ =
∫
T3
ρ˜w˜J d3x,
u˜ij0 = 2δ
(i
0 δ
j)
J
(
−
(
1
µ˜
ζJ
)′
− a˜
′
2a˜
1
µ˜
ζJ
)
u˜ij = 2δ
(i
0 δ
j)
J
(
− 2
µ˜
ζJ
)
,
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and {α˜, w˜I , Φ˜} is the solution to the Cosmological Poisson-Euler equations from Proposition 4.1 that is
generated from the initial data α˜|t=0 = α˜0 and w˜I |t=0 = w˜I0 . Also, it can be verified using the evolution
equations (2.65) that our choice of initial data guarantees that
‖∂tWǫ
∣∣
t=0
‖Hs . 1 0 < ǫ < ǫ0 (5.3)
where
Hs = (Hs(S4))3 × R×Hs ×Hs(R4).
Together, Proposition 4.2 and (5.2)-(5.3) allow us to apply Theorem 1 of [14] (see also the remarks in
Section 1 of [14]) and conclude (shrinking ǫ0 if necessary) that for any T < T0, there exists maps
Wǫ ∈
ℓ+3⋂
p=0
Cp
(
[0, T ),Hs−p) 0 < ǫ < ǫ0,
such that
(i) Wǫ(t, x
I) solves equation (2.66) on the spacetime region (t = x0, xI) ∈ D = [0, T )× T3,
(ii) Wǫ satisfy the estimates
‖Wǫ(t)‖Hs + ‖∂tWǫ(t)‖Hs−1 . 1,
for all (t, ǫ) ∈ [0, T )× (0, ǫ0), and
(iv)
‖Wǫ(t)− W˜ (t)‖Hs−1 . ǫ,
for all (t, ǫ) ∈ [0, T ) × (0, ǫ0), where W˜ is the solution of the limit equations from Proposition
4.2.
Finally, we observe that similar arguments used in the proof of Proposition 6.1 in [8] show that
{u¯ijǫ = ǫ−1uijǫ , αǫ, wiǫ}
determines, via formulas (1.15) and (1.11)-(1.13), a solution to the Einstein-Euler equations (1.1) in the
harmonic gauge (2.19), and moreover, that
ǫ∂tu¯
00
ǫ = u
00
0,ǫ,
ǫ∂tu¯
0J = u0J0,ǫ −
a′
2a
ǫu¯0Jǫ ,
ǫ∂tu¯
IJ = uIJ0,ǫ −
a′
a
ǫu¯IJǫ ,
and
∂K u¯
00
ǫ =W
00
K,ǫ − a′ǫu¯0Kǫ + ∂KΦǫ,
∂K u¯
0J
ǫ =W
0J
K,ǫ −
a′
2
ǫu¯KJǫ +
a′
2a
δJKǫu¯
00
ǫ ,
∂K u¯
IJ
ǫ =W
IJ
K,ǫ −
a′
a
ǫδ
(I
K u¯
J)0
ǫ .
This combined with the statements (i)-(iii) above completes the proof. 
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